Cooperative interactions are essential to the operation of many biochemical networks. Such networks then respond ultrasensitively in a nonlinear manner to linear changes in network input, and network output, for example, levels of a phosphorylated protein or of gene expression, becomes a sigmoidal function of concentrations of input molecules. We present a novel, entropic ultrasensitivity mechanism that generates highly cooperative and specific binding between two proteins. We consider a disordered protein with multiple phosphorylation sites that binds to a single binding site on an interacting protein. We assume that each phosphorylation locally orders the protein. Such local order affects protein conformational entropy nonlinearly and generates binding that is a highly cooperative function of the number of protein phosphorylations (with Hill coefficients well above 10). Substantial binding may only occur once the disordered protein is phosphorylated a critical number of times or more. Cooperativity is determined by the size of the disordered region of the protein, the binding affinity, and unusually the concentration of the interacting protein. Given the widespread occurrence of disordered, multiply phosphorylated proteins, its highly ultrasensitive character, and the ease of its control, entropic, phosphorylation-driven cooperativity may be extensively exploited intracellularly.
Cooperative interactions are essential to the operation of many biochemical networks. Such networks then respond ultrasensitively in a nonlinear manner to linear changes in network input, and network output, for example, levels of a phosphorylated protein or of gene expression, becomes a sigmoidal function of concentrations of input molecules. We present a novel, entropic ultrasensitivity mechanism that generates highly cooperative and specific binding between two proteins. We consider a disordered protein with multiple phosphorylation sites that binds to a single binding site on an interacting protein. We assume that each phosphorylation locally orders the protein. Such local order affects protein conformational entropy nonlinearly and generates binding that is a highly cooperative function of the number of protein phosphorylations (with Hill coefficients well above 10). Substantial binding may only occur once the disordered protein is phosphorylated a critical number of times or more. Cooperativity is determined by the size of the disordered region of the protein, the binding affinity, and unusually the concentration of the interacting protein. Given the widespread occurrence of disordered, multiply phosphorylated proteins, its highly ultrasensitive character, and the ease of its control, entropic, phosphorylation-driven cooperativity may be extensively exploited intracellularly.
Results
Consider a disordered protein A that interacts with a single binding site on protein B to form a complex C, i.e., A + B ! C (Figure 1 ). We use equilibrium thermodynamics to describe their interaction. Any chemical reaction equilibrates when the Gibbs free energy
comes to a minimum. The reactants and products involved have total energy E and entropy S, and the reaction occurs at temperature T, pressure p, and volume V. For reactions occurring in the cell, and so in solution, there is little change of volume and pressure. We will therefore neglect the pV term in G: It contributes only a constant. Both energy and entropy determine the equilibrium of a reaction. The average kinetic energy per molecule is set by temperature and is fixed. The negative interaction energy between A and B once bound in complex C favors binding and lowers G. Nevertheless, the reaction does not proceed to form as much C as possible. The number of molecules decreases each time a complex forms, and this reduction reduces system entropy. Equilibrium is only reached once the entropy reduction matches the increase in negative binding energy (see the Supplemental Data available with this article online).
There are four contributions to the entropy of interaction: translational, rotational, and conformational entropies and the entropy of solvation [1] . The translational entropy per molecule varies inversely with the logarithm of concentration, but the total translational entropy is proportional to the number of molecules. It disfavors a reaction that decreases the total molecule number. The conformational entropy of a molecule is determined by the number of different structural conformations of the molecule. For the hard-sphere model of molecules, typically considered in calculations of reaction free energies, just one conformation is available to each molecule, and the conformational entropy is zero.
Conformational entropies are usually ignored, but we consider the reactant A to be an intrinsically disordered protein. It has been proposed that proteins exist in four different structural states: an unstructured (completely disordered) state, a molten globule state (having secondary but no tertiary structure), a beads-on-string state (in which folded domains are connected by flexible, extended, and unstructured linker regions), and a mostly folded state (only local disorder) [2] . An unstructured protein will sample many different structural conformations in solution; its conformational entropy is unlikely to be negligible.
Once bound to B, we assume that the number of conformations available to A is drastically reduced. Many disordered proteins fold or at least form some structure once they are bound to their target proteins [2] . Although we do not claim that A must completely fold when bound to B, we do assume that the number of conformations available to A once it is bound is negligible in comparison to the number of conformations available to free A (Figure 1 ).
Including translational entropy and the conformational entropy of free A, the fraction of A molecules bound to B at equilibrium, r, can be calculated (see Supplemental Data):
*Correspondence: swain@cnd.mcgill.ca where S conf is the conformational entropy of a free A molecule, k B is Boltzmann's constant, and K eff obeys
for an equilibrium B concentration of [B] . In Equation 3 , K D is the dissociation constant of the complex C in the absence of any conformational entropy change between free and bound A. If S conf is zero, A is then ordered both in solution and bound to B. Equation 2 recovers standard mass action: As K eff decreases, the fraction of bound A increases hyperbolically in a MichaelisMenten-like manner. For large S conf , however, r is small. Although there is a gain in (negative) binding energy when A and B form C, the reaction is penalized by the resulting loss in conformational entropy of A, and the conformational entropy loss is too great to be offset by the gain in binding energy.
We assume that A can be phosphorylated several times and that each phosphorylation imposes a local structural order and reduces A's conformational entropy. No assumption is made about A's binding site for B; the binding site could always be available or could be induced by phosphorylation. Figure 2A shows a typical conformation for a 2D model of a disordered protein.
For simplicity, we assume for Figure 2 that the protein consists of 20 ''units'' of equal size, each connected by flexible linkers. These units could be entire protein domains as in the beads-on-string model or small groups of amino acids that maintain their relative orientation as the protein fluctuates. The precise details are not important for our argument. Figure 2B shows the same protein phosphorylated six times, each time on a linker domain. We assume that each phosphorylation ''kinks'' the protein, with the flexible linker domain adopting a more rigid conformation (here a right angle). This phosphorylation-induced kinking dramatically reduces the number of conformations available to the protein. Figures 2C and 2D show how the cloud of possible protein conformations reduces in size once the protein has been phosphorylated. Such a reduction in the number of protein conformations gives a corresponding reduction in the protein's conformational entropy.
The number of A conformations in fact decreases nonlinearly with an increase in the number of phosphorylation-induced kinks ( Figure 3 , right-hand axis and dotted curve). Two protein units cannot occupy the same physical space, and the number of conformations that have this self-avoidance property reduces significantly with an increase in protein phosphorylations. The conformational entropy of a single protein, S conf , is defined as [3] : Entropic, phosphorylation-driven binding can be highly sigmoidal (Figures 3 and 4) . The degree of a sigmoidal response is often characterized by a Hill coefficient: the exponent n in the sigmoidal Hill function. In our case, the Hill function is parameterized by x n = m n 50 + x n Þ À where x denotes the number of phosphorylated sites and m 50 is the number of phosphorylations required for 50% of the A protein present to be bound to C. Entropic, phosphorylation-driven binding often gives Hill coefficients well above 10 and sometimes as high as 33 ( Figure 3 ). These numbers should be compared to the Hill coefficient of hemoglobin (about 3) [4] or to the Hill coefficient describing binding of the p53 protein to DNA (about 2) [5] . Although our predictions are for an idealized model, they do show the potential of entropic, phosphorylation-driven binding to generate highly cooperative behavior.
Our model predicts the cooperativity of binding increases with K eff and with the length of the disordered protein. Binding is dominated by a low K eff , corresponding to a high concentration of B or to a large binding energy between A and B (a small K D ). Only large changes in conformational entropy are then important, and a phosphorylation can only smoothly alter the binding curve ( Figure 3 ). For small proteins, the relative importance of the conformational entropy decreases: the smaller the protein, the fewer its conformations (at least for idealized proteins consisting of units of equal length). Kinks in protein structure induced by phosphorylations contribute less to the free energy, and the binding curve is less sigmoidal (Figure 4 ).
Discussion
Cooperativity can occur allosterically [6, 7] ; it can arise from the cyclic action of kinases and phosphatases [8] , from cascades of enzymes [9] , from protein multimerization [10] and translocation [11] , from stoichiometric inhibitors [12] , and from selective degradation mechanisms [13] . It is essential, for example, for biochemical systems to be able to switch irreversibly between different states, and such cooperativity is the basis for the transitions underlying development [14] or the establishment of memory [15] .
Here, we have shown that phosphorylations can cause the binding of a disordered protein to its target protein to be highly cooperative. Our model has two assumptions:
(1) The binding protein is disordered when it is free.
For simplicity, we assumed that the entire protein is disordered in our simulations, but it is more common that proteins in vivo are only partly disordered. Providing that the disorder still contributes to the conformational entropy of the protein, our argument holds. Once bound, we assume that the number of conformations available to the protein is negligible. (2) Phosphorylations or, more generally, covalent modifications locally increase protein order. The protein need not become rigid at the site of the covalent modification, but the modification must reduce movement in some part of the protein.
We allow the binding domain of the disordered protein either to be always available for binding or to form upon protein phosphorylation.
There are a large number of proteins that satisfy our first assumption. Over 450 proteins are known to be partly or completely disordered (www.disprot.org), and 45% of eukaryotic proteins are predicted to have disordered regions of 30 or more consecutive amino acids, rising to 65% for proteins involved in cell signaling [16] . Indeed, most phosphorylation sites are predicted to be in disordered rather than ordered protein regions, particularly for serines and threonines [17] .
Phosphorylations have long been known to change protein conformations [18] . Nuclear magnetic resonance (NMR) experiments show that phosphorylation on serines and threonines in peptides can change the structure The protein has 14 equally sized units with eight phosphorylation sites at positions 1, 2, 3, 5, 7, 9, 11, and 12. The right-hand y axis and dotted curve shows the number of conformations (in log space) of free A (calculated for a self-avoiding walk in 3D). Although we assume that once bound to B, the number of conformations available to A is small, free and phosphorylated A can still be significantly disordered before binding. Each alternate unit on each protein has a phosphorylation site. The binding affinity, K eff , is 10 26 . Protein length increases from left to right. For the asterisks, the protein has six units and two phosphorylation sites, for the triangles, it has eight units and three phosphorylation sites; for the circles, it has ten units and four phosphorylation sites; for the squares, it has 12 units and five phosphorylation sites; and for the diamonds, it has 14 units and six phosphorylation sites.
of the peptide backbone [19] . Unlike tyrosines, this effect is independent of the presence of charged groups in the surrounding sequence [19] . Molecular dynamics simulations also show that serines can undergo conformational changes upon phosphorylation [20] . We assume that phosphorylations locally increase protein order. There are many examples of such behavior: Serine phosphorylation of a peptide from tyrosine hydroxylase causes the peptide backbone to fold into a compact structure [21] ; phosphorylation of a serine at the N terminus of an a helix can stabilize the helix [22] ; phosphorylation of serines and threonines in the microtubule-binding protein tau induces proline-rich sequences to undergo a conformational change into a type II polyproline helix, a rigid and extended structure [23] ; phosphorylation of a tyrosine reduces structural flexibility in the Shc adaptor protein [24] ; and the SH2-SH3 connector region clamps these two domains upon the phosphorylation of a tyrosine in Src kinases [25] .
Phosphorylation-induced prolyl isomerizations can also increase local protein order. Protein conformations can be changed by cis-trans interconversions of proline residues. This process alters local structure and can provide a ''backbone switch.'' It is partly controlled by phosphorylation [26] . Ser-Pro and Thr-Pro motifs are common in signaling proteins. Depending on local structural constraints, phosphorylated motifs favor either a cis or trans configurations, but phosphorylation also slows spontaneous prolyl isomerization [26] and thus potentially stabilizes the particular configuration adopted. A phosphorylated motif is also a binding site for Pin1, a prolyl isomerase [27] . Phosphorylation of a Ser-Pro or Thr-Pro motif can therefore induce a conformation change by Pin1 recruitment, which, in turn, catalyzes prolyl isomerization. An example is the Cdc25C phosphatase, which controls mitotic initiation in vertebrates and has five Ser-Pro and Thr-Pro motifs-all of which are potential Pin1 substrates. The resulting conformational changes are significant enough to affect Cdc25C's catalytic activity [28] .
Two types of binding have been proposed for multiply phosphorylated proteins [29] : a two-stage process where a few phosphorylations, that are essential for binding, are first required to prime the protein for further phosphorylation before binding occurs or an unordered process where each phosphorylation site increases the potential to bind and the number of phosphorylations determines binding, rather than the particular sites phosphorylated.
The second, unordered binding process has the characteristics of entropic, phosphorylation-driven binding. There are several examples: Gcn4, a transcriptional activator in yeast, has five serine and threonine phosphorylation sites. It is degraded via the SCF Cdc4 ubiquitin ligase, which has a single binding site for a phosphoepitope [30] . No significant change in ubiquitination occurs when each single phosphorylation site is mutated, but a marked reduction occurs for a mutation of all five sites [31] . When phosphorylated, the human hepatoma upregulated protein (HURP) is degraded by SCF Fbx7 . It has nine serine and threonine phosphorylation sites. Mutation to alanine of each individual site and some pairs of sites does not affect HURP binding to Fbx7, whereas mutation of all nine sites completely abolishes binding [32] . Rad9 is a yeast DNA-damage-checkpoint gene. Its protein has a domain with six serine and threonine phosphorylation sites and is phosphorylated to enable binding to Rad53. Single site mutations to alanine of these phosphorylation sites have little effect on Rad53 binding, and restoring single mutations in an all alanine mutant never fully recovers wild-type binding [33] . Finally, when phosphorylated, the yeast cyclin-dependent kinase inhibitor Sic1 is bound by SCF Cdc4 and ubiquitinated. Sic1 has nine serine and threonine phosphorylation sites, and phosphorylation on at least six is required for Cdc4 binding [34] .
Our model requires these proteins to be disordered when unphosphorylated. Because experimental confirmation is not yet available, we used the PONDR tool to predict intrinsic disorder [35, 36] . Gcn4 is predicted to have a largest disordered domain (LDD) of 46 residues (and to be 60% disordered in total), HURP is predicted to have a LDD of 119 residues (55% disordered in total), Rad9 is predicted to have a LDD of 75 residues (45% disordered in total, although the domain containing all six phosphorylation sites is expected to be 90% disordered), and, in agreement with experimental results [34] , Sic1 is predicted to be 80% disordered with a LDD of 93 residues. This level of disorder is unusual; the probability of randomly selecting four proteins of which three have a LDD of greater than 70 residues is approximately 0.01 for all eukaryotic proteins, rising to 0.05 when sampling is restricted to signaling proteins [16] .
The interaction between Sic1 and SCF Cdc4 is perhaps the best studied. Sic1 is known to be disordered and polyvalent [34] and to bind to just a single phosphoepitope binding site on Cdc4 [30] . Each phosphorylated site on Sic1 has a low affinity for Cdc4, and binding only occurs when six or more sites are phosphorylated, irrespective of the order of phosphorylation [34] . The K D between a single Sic1 site and Cdc4 is approximately 10 25 M in vivo [34] and thus a concentration of Cdc4 of 100 nM results in a K eff z 100. Although a direct comparison with our model is not possible, we predict that such a large K eff would give the highly cooperative binding observed (Figure 3 , ignoring the zero phosphorylation point because binding occurs only when Sic1 is phosphorylated [34] ). We predict a reduction in Sic1 disorder when it is phosphorylated. Structure is not apparent in (unpublished) NMR data of phosphorylated Sic1, indicating that phosphorylations do not perhaps induce a folded region but may only locally restrict protein flexibility. For example, a phosphorylated serine in the kinase inducible transactivation domain of CREB creates a small increase in helical content of the domain but does not lead to persistent secondary structure [37] .
For general entropic, phosphorylation-driven binding, we predict that binding should become more cooperative as K eff increases (Figure 3) , either through decreasing the binding energy between A and B (increasing K D by, for example, mutating the binding site on B) or through decreasing the concentration of B (Equation 3 ). The dependence of the cooperativity on the concentration of B is perhaps most intriguing and could be a biologically exploited control mechanism. In our simple model, a 10 4 -fold increase in concentration leads to a 4-fold decrease in Hill coefficient (Figure 3) . We also predict that the larger the disordered region of the interacting protein, the more phosphorylations will be needed for complete binding and the more cooperative that binding will be ( Figure 4) . Similarly, deleting a disordered section of the protein should favor binding, providing the binding site itself is not also removed. Although we have emphasized the phosphorylation-induced local ordering necessary in our model, it is also possible that phosphorylation could instead disrupt local order. Cooperative binding would then occur as protein A is dephosphorylated rather than phosphorylated. Both phosphoserines [22] and phosphothreonines [38] can destabilize a helices, and serine phosphorylation induces a local change in phospholamban that propagates and ultimately causes a more global order-to-disorder transition [39] . An example of phosphorylation-inhibited binding is NFAT1, a human transcription factor. It is phosphorylated on at least 21 serines and requires dephosphorylation of 13 to enable nuclear import, i.e., binding to the nuclear transport apparatus [40] .
Here, we have shown that if phosphorylations induce local order in a disordered protein, there is a nonlinear change in the protein's conformational entropy. As a function of the number of its phosphorylated sites, such a change can cause highly cooperative binding of the protein to a single binding site on an interacting protein. Multiple phosphorylations have been argued to generate cooperative protein responses if the phosphorylating kinase acts distributively (unbinds after each phosphorylation) [41] and sequentially (phosphorylating residues in a fixed order) [42] . The Hill coefficient describing this response is predicted to be less than the number of phosphorylated sites [42] . Our scheme generates greater cooperativity and does not rely on sequential phosphorylations or distributive kinase action: It depends only on changes in the intrinsic disorder of the phosphorylated substrate.
The cooperativity of entropic, phosphorylationinduced binding is so great that binding can become highly specific to the phosphorylated state of the protein; for example, if protein A is phosphorylated six times or less on any of its phosphorylation sites, only up to 10% of protein is bound to target, whereas if it is phosphorylated seven times or more, over 80% is bound (Figure 3 when K eff = 10 25 ). For those multiply phosphorylated proteins that require priming via a few phosphorylated residues before other residues can be phosphorylated, specificity could be maintained via kinetic proof-reading, where the energy of the priming phosphorylations is used to effectively enhance binding affinities [43] . Given its highly cooperative, and hence highly specific, nature and how cooperativity can be controlled through changes in concentration, it is tempting to think that entropic, phosphorylation-driven binding is a common cellular event.
Experimental Procedures
To calculate S conf for a protein of a specified length with phosphorylation sites at specified locations, we wrote C ++ code that exhaustively runs through all 3D, random walks of the appropriate length on a cubic lattice with six nearest neighbors. Each walk is checked for self-avoidance (two protein units cannot physically occupy the same space) and whether its conformation has one or more kinks at the appropriate phosphorylation sites, i.e., if the conformation goes through an appropriate right angle there-see Figure 2 for a 2D example. It is important that we only analyze self-avoiding random walks because then the size of the reduction in entropy depends on both the length of the protein and the number of phosphorylations. For random walks without self-avoidance and with m phosphorylations, the number of walks reduces by a factor of 6 m on a cubic lattice, independent of the length of the protein. The total number of self-avoiding conformations, the number with one kink at a phosphorylation site, the number with two kinks at phosphorylation sites, etc., is stored, and the conformational entropy calculated from Equation 4 . We then use Equation 2 to calculate the binding curves for a given K eff in Figures 3 and 4 . Intrinsic protein disorder was predicted with PONDR VL-XT (Molecular Kinetics, Indianopolis, IN 46268 [35, 36, 44] .
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